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TOPOLOGY 


Topology is a fairly new field of mathe- 
matics, although mathematicians have 
been aware of various topological prob- 
lems for hundreds of years. 

As a formal field of mathematics, topol- 
ogy was developed only during the latter 
part of the 19th century But since then 
its usefulness as a method for solving 
problems has been more and more recog- 
nized and its importance is increasing with 
applications in such vital fields as elec- 
tronics and aerodynamics. 

Topology is concerned with the prop- 
erties—points, lines and shapes—of objects 
in space and their changes, or transforma- 
tions, but only with those transformations 
that are continuous. 

Because topology deals in shapes and 
because of the work of early researchers 
in this field, topology has been referred to 
as “rubber sheet geometry.” 

It is not the geometry of figures with 
definite values for the measurement of 
angles, areas and lengths, and where a 
triangle always remains a triangle under 
any transformation and a square a square. 

In topology geometric figures may 
change in shape and size and still main- 
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tain certain properties that are always 
the same or invariant. Thus problems 
solved in topology are qualitative rather 
than quantitative. 

Experiment 1. To visualize this, with 
a felt marker or felt-tipped pen, draw a 
circle on your balloon. Then blow it up. 
The circle becomes larger as the balloon 
stretches. 

Now release the air and then pull and 
stretch the balloon in different directions 
without tearing it. Note that the circle will 
become distorted and assume different 
shapes. 

But no matter how much it 1s stretched 
or bent, the figure 1s unchanged topologi- 
cally because it remains a simple closed 
curve throughout the distortions. 

Topology is therefore concerned with 
continuous transformations, or with prop- 
erties that are not affected by changes in 
shape or size. 

It does not matter whether the circum- 
ference of the circle is changed from 10 
to 20 inches (quantitative), but the fact 
that the figure remains a closed curve 
(qualitative) and continuity is maintained, 
is important. 

This quality of topology makes it use- 
ful in many related mathematical fields. 
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Certain applications of general topology 
are seen in symbolic logic, analytic func- 
tions and algebraic geometry as well as in 
mechanics and even in certain problems 
in psychology. It has been extensively de- 
veloped and applied in map making, per- 
haps the aspect most familiar to most of 
you. 

It has been said that the basic ideas of 
topology are so fundamental that we learn 
them as infants. These ideas include in- 
sideness and outsideness, righthandedness 
and lefthandedness. 

In this unit you will find a series of ex- 
periments that will help you visualize and 
understand some topological principles 
and applications, including the famous 
Koenigsberg Bridge Problem and Euler’s 
Formula. 

First look over your materials. 

STRIP OF PAPER—15 inches long by 

1% inches wide. 


RUBBER BAND—3%% inches long by % 
inch wide. 


BALLOON—Small round balloon. 
DIAGRAMS—Sheet I: The Map Color 


Problem. 


DIAGRAMS—Sheet II: The Disk Prob- 


lem. 


DIAGRAMS—Sheet III: Traversable Net- 
works. 


CONTINUOUS TRANSFORMATION 


Experiment 2. A continuous trans- 
formation can be represented by experi- 
menting with the rubber band in your 
unit. Starting at any point on the rubber 
band, mark as many consecutive letters of 
the alphabet, A, B, C, etc., as will fit 
around the band until you come back to 
A (Fig. 1). Stretch the band. The length 
of the rubber band becomes greater, but 
the letters remain in the same order. The 
transformation 1s continuous. The relation- 
ship of A to B, B to C, etc. has not 
changed. 


ABCDEFGHIJKLMNOP 


Fig. 1 


Now shape the rubber band into a cir- 
cle, square and triangle as shown in Fig. 2. 
Object X has been transformed into Y and 
then into Z, but the neighboring points 
in X are neighboring points in Y and Z. 
The transformations are continuous ones. 

However, if you cut the rubber band X, 
say between C and D, and straighten it 
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out, the neighboring points on the op- 
posite sides of the cut are no longer neigh- 
boring points and thus the transformation 
cannot be said to be continuous, or topo- 
logical. 

You have thus observed that a topologi- 
cal transformation can be made by chang- 
ing the shape or size of an object because 
no new topological figure has been formed 
and the transformation is continuous. 

But if the figure is cut or broken, as 
when you cut the rubber band, then a 
topological transformation does not take 
place since a new topological figure is pro- 
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duced and the continuity is destroyed. 
Likewise, when a straight piece of wire 
is taken and its two ends are connected, 
a new topological figure, a closed curve, is 
obtained and the transformation 1s not 
continuous. Therefore, this 1s not a topo- 
logical transformation. See Fig. 3. 
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straight line 


closed curve 


Fig. 3 


MOEBIUS STRIP 


Experiment 3. The Moebius strip has 
been known to topologists since 1858 and 
has been a favorite plaything of theirs. 

Tt has been said that a child of four can 
paint an ordinary ring of paper blue on 
one side and red on the other, but not even 
Picasso could do that to a Moebuus strip. 

Take the strip of paper 1% inches wide 
by 15 inches long in your unit. This 
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paper, provided by the W. R. Grace 
& Co., Polyfibron Division, North Fourth 
St., Quakertown, Pa., is a latex impreg- 
nated paper which is pliable and tear re- 
sistant and therefore especially suited for 
this experiment. 

One-fourth inch from each end of the 
strip and on the same side of the paper, 
make a large dot with a pen or pencil. 
Turn one end of the strip a half twist and 
place the dot directly over the dot on the 
other end, then paste together (Fig. 4), 
or secure with cellophane tape. 

This produces an amazing surface called 
the Moebius strip. It is a one-sided surface. 
A bug could start walking from any point 


Fig. 4 


on the surface and reach another point di- 
rectly underneath that point without cross- 
ing either edge of the strip. To demon- 
strate this, mark a point A on your strip 
and draw a line from A along the middle 
of the strip and soon your line will pass 
underneath the starting point. Continue 
the line and it will come back to point A. 

Draw a line close along the edge and 
you will find that the strip has a continu- 
ous edge, and that you will finally come 
back to your starting point. 

Now cut the strip along line A. You 
would certainly expect to obtain two strips 
of paper. But do you? 

Cut the strip along the middle again. 
Surely you should get two strips this 
time. Do you? 


THE MAP COLOR PROBLEM 


Experiment 4. Provide yourself with 
at least six different colored pencils or 
crayons including blue for the following 
experiments. 

As you know, topology has been applied 
to map making where positions in space 
and their relationship to each other are 
important. 

A political map shows different states in 
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different colors. Normally, one does not 
need a different color for each state, but 
of course, neighboring states having a 
common border must be in different colors. 

A map in which no two bordering states 
have the same color is called a “regular 
map.” 

On Fig. a of Diagram Sheet I en- 
closed, an island country is surrounded 
by a sea. Color the sea blue. What is the 
smallest number of colors that can be used 
to color the states, A, B, C, so that the 
map 1s regular? 

On Fig. b, what is the minimum num- 
ber of colors that one can use in order to 
have a regular map? 

You have found in both cases four colors 
were needed to color the map. Do you 
think you could draw a map that would 
require five or more colors in order to be 
colored regularly? If you do, you will be- 
come famous because no one has yet been 
able to draw such a map, a map requiring 
more than four colors. 

Experiment 5. Note Fig. c. You will 
find three straight lines forming the states 
of an imaginary country. Seven states, A 
through G are shown. Using your crayons 
color this map so that no two joining states 
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are of the same color. How many different 
colors are definitely needed to color your 
map? 

Now, in the blank space below this 
map, draw similarly any five straight lines 
to form states. How many colors are now 
needed to color this map regularly? 

In each case only two colors were 
needed. 

Make another drawing using any num- 
ber of straight lines. Do you think you 
could draw a map that would require 
more than two colors to be a regular map? 
Good luck!! 

Experiment 6. Three circles have been 
drawn to form an imaginary island coun- 
try surrounded by a sea in Fig. d. 

The three circles were drawn to form 
seven states, 1 through 7. How many col- 
ors are needed to form a regular map? 
In the space below this figure draw a map 
consisting of five or six circles. Color as 
before. Do you think you can draw a map 
using any number of circles that will re- 
quire more than two colors? 

Experiment 7. Take the map of the 
United States (Fig. e) and choose any 
cluster of 10 bordering states; for example, 
Minnesota, Wisconsin, Iowa, Missouri, 
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Illinois, Indiana, Ohio, Kentucky, Arkan- 
sas and Tennessee. Trace a heavy line 
around the outside borders of these 10 
states so the cluster of 10 states is inside 
the closed curve which you have traced. 

Number a set of states within this cluster 
which do not share a common border “1” 
(for example, Minnesota, Missouri, In- 
diana). Number another set of the re- 
maining states which do not share a com- 
mon border “2” (for example, Iowa, Ar- 
kansas, Kentucky). Number another set of 
the remaining states which do not share 
a common border “3” (for example, Wis- 
consin, Ohio, Tennessee). Number the last 
state “4” (for example, Illinois). 

Color the states numbered 1 red; the 
states numbered 2 blue; the states num- 
bered 3 green; and the state numbered 4 
brown. 

In the example one can see that it is a 
regular map using four different colors. 

Can you find a cluster of 10 or more 
states requiring 5 colors to be colored 
regularly? 


THE DISK PROBLEM 


Experiment 8. Trace a continuous 
curve on a piece of paper without lifting 
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the pencil from the paper so that the ends 
of the curve are joined, but the curve does 
not cross itself at any point. This is called 
a closed curve. 

A circle is a closed curve. A figure 8 is 
not a closed curve. Why? An S is not a 
closed curve. Why? 

Some closed curves are shown above 
(Fig. 5). 

Experiment 9. Cut out from Sheet II 
of your diagrams, the disk without any 
markings and on it draw a closed curve. 
The “surface” of the disk consists of both 
sides and the edges of the disk. The closed 
curve divides the surface into two parts: 
the “inside” and the “outside” of the 
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closed curve. 

To demonstrate that there definitely is 
an “outside” and an “inside,” select any 
point A inside the closed curve and a point 
B outside the closed curve (Fig. 6). Draw 
any number of lines, curved or straight, 
between A and B. Must all of these lines 
cross the closed curve? If so, we know 
the closed curve definitely has an “inside” 
and an “outside.” 


Be 


Fig. 6 


Experiment 10. Cut out the disk with 
a single hole marked on it from Sheet II. 
Punch a hole through the dot with a sharp 
pencil. Draw a closed curve around the 
hole. Select any point A inside the closed 
curve and a point B outside. Must all lines 
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Fig. 7 


joining A and B cross the closed curve 
(Fig. 7)? 


Does the closed curve definitely have an 


Fig. 8 


inside and an outside? Suppose a closed 
curve is drawn so that it does not encircle 
the hole. Now, does the closed curve defi- 
nitely have an inside and an outside? Yes. 

Experiment 11. Cut out the disk with 
two holes marked on it from Sheet II. 
Punch holes through the dots. Draw closed 
curves about the holes (Fig. 8). Select any 
two points on the surface of the disk. Can 
you find a line joining the two points 
which does not cross either of the closed 
curves? 

Experiment 12. Next, cut out the disk 
with three holes marked on its surface. 
Punch holes through these dots also. Draw 
closed curves about the holes as shown in 
Ipiyeg, ©), 


Fig. 9 
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Select amy two points on the surface of 
the disk. Can you find a line joining the 
two points which does not cross any one 
of the closed curves? 

We have seen that on the disks with 
one, two or three holes, it 1s possible to 
draw certain closed curves that do not 
separate the surface into two parts. 

Experiment 13. Now, suppose that 
the disk with a single hole in it were made 
of a stretchy or flexible material. Suppose 
the disk could be inflated with air to form 
a doughnut. The surface of this doughnut 
is called a “torus.” 

Cut out the two doughnut shaped cir- 
cles from Sheet II and paste them together 
with the colored side outside. If this shape 
were inflated, it would be a torus. 

Draw a closed curve on the surface 


Fig. 10 
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Fig. 11 


which does not enclose the hole of the 
doughnut nor pass through the hole. If 
you select a point inside the closed curve 
and a point outside the curve, it is impos- 
sible to draw a line on the torus connect- 
ing the two points which does not cross 
the closed curve (Fig. 10). 

But, suppose you draw a closed curve 


Fig. 12 


enclosing the hole of the doughnut as 
shown in either of the two figures above 
(Figs. 11 and 12). Does either of these 
closed curves separate the torus into two 
parts ? 

The disk with one hole and the torus 
(surface) of the doughnut share this prop- 
erty of closed curves and other properties; 
and as such are called topologically equiva- 
lent. 

Since neither of these curves divides the 
surface of the torus in two, 1f both closed 
curves are drawn on one torus, the two 
circles will meet at one point only (Fig. 
13). Observe this on your torus. This 
property is true of the torus but not of the 
plain disk without a hole. Compare your 
torus with your disk and see if this is not 
true. 


Fig. 13 
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TOPOLOGICAL EQUIVALENCE 

Experiment 14. The surface of a 
sphere and the surface of a cube are said 
to be topologically equivalent. 

With a piece of clay or dough made 
with flour and water, shape a square 
Now mold the square into a sphere and 
then into a square again. 

Here shape and size of the figures 
studied are relatively unimportant. What 
is important is the continuity of a figure 
which we see when either, in the case of 
the sphere and the cube, 1s deformed 
elastically into the shape of the other. 

The sphere has the topological property 
that every closed curve drawn on it can 
be contracted to a point without passing 
out of the surface. 

By imagining an elastic band stretched 
about the center of a baseball, we see that 
as the band is pushed along the surface 
of the ball, the circumference becomes 
smaller and smaller, finally contracting to 
a point. Similarly this property applies to 
the surface of a cube. 

The inner tube of an automobile tire, 
or the general doughnut shaped object, 
the torus, does not possess the topological 
property of the cube and the sphere. If 
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we cut an elastic band, pass it through the 
center of the inner tube, the circumference 
of the band will not contract as we push 
it along the surface. In this example we 
see an illustration of one of the funda- 
mental tasks of topologv—the classifica- 
tion of objects into groups of topologically 
equivalent members. 

We have seen that the sphere and the 
cube are topologically equivalent. Like- 
wise, the circle, triangle and ellipse are 
topologically equivalent. 

Can you show this? 


EULER’S FORMULA 


Experiment 15. About 1640 Descartes 
observed a relationship between the num- 


< vertex 


edge —>» 


Fig. 14 
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bers of vertices, edges and faces of a sim- 
ple polyhedron. This relationship was later 
rediscovered in 1752 by the famous mathe- 
matician, Euler, and became known as 
Euler’s Formula. The tetrahedron 1s an 
example of a simple polyhedron, having 
four sides. Simple because there are no 
holes in the solid; and a polyhedron be- 
cause the faces are polygons (in this case 
triangles). An example of a tetrahedron 
is shown im Fig. 14. 

Count the edges, vertices and faces of 
the tetrahedron. How many are there? 
You should have counted 6 edges, 4 ver- 
tices and 4 faces. 

Euler and Descartes observed that if one 
added the number of vertices V and the 
number of faces F and subtracted the 





number of edges E, that is, V + F — E, 
the result is 2. 

Consider another simple polyhedron, 
the cube (Fig. 15). Count the number of 
vertices. Count the number of faces and 
the number of edges. Again, if you use 
the formula, V + F — E, the result 1s 2. 

You will find that this formula holds 
true for any simple polyhedron. 

Draw a polyhedron of many sides and 
faces and justify this in another case. 

Experiment 16. A polyhedron is said 
to be “regular” if all the faces (polygons) 
of the polyhedron are congruent and the 
same number of edges meet at each vertex. 
A simple tetrahedron in which each of the 
faces is an equilateral triangle is an ex- 
ample of a regular tetrahedron. 

One might wonder how many different 
regular polyhedra actually exist. Using 
Euler’s Formula, one can determine this 
number. 

Suppose that a regular polyhedron has 
F number of faces, each made up of s 
number of sides, and that the number of 
edges e meet at each vertex V, while E is 
the total number of edges. Then the num- 
ber of sides s times the number of faces 
F is equal to 2 times the total number of 
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edges E. Thus, 
sF = 2E (2E because each edge is 
counted twice in sF) 


and 
eV = 2E (2E because each edge has 2 
vertices ) 
5 
then, F = zE and Ve 2E 








e 
and using Euler’s Formula, 


2, 2 
ee ee 











We can notice that e is equal to or 
greater than 3 and s also is equal to or 
greater than 3, or 


3 and ea 


Why? By trial and error, we can see that 
the only values for e and s that will satisfy 
this formula are given in the table below. 





es 8 J Regular Polyhedra 

3 3 6 tetrahedron 

3 a ile cube 

3 3i0) dodecahedron (12 faces) 
a oy I octahedron (8 faces) 

> 3 3y icosahedron (20 faces) 
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cube octahedron 
Fig. 16 Fig. 17 


The regular polyhedron described in each 
case 1s named in the righthand column. 

For example, the cube has 4 sides on 
each face (square), has 3 edges meeting 
at each vertex and has 12 edges. This 
agrees with the number in the second line 
of the table (Fig. 16). 

The octahedron has 3 sides on each 
face (equilateral triangle), + edges meet- 
ing at each vertex and has 12 edges. This 
agrees with the numbers in the fourth line 


of the table (Fig. 17). 


TRAVERSABLE NETWORKS 


Experiment 17. A network is defined 
as a set of points (vertices) and arcs of 
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(1) (2) 
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Fig. 18 


curves such that the ends of the arcs are 
points of the set. For example, the sets of 
points and arcs in Fig. 18 form networks. 

A network is said to be traversable if 
there is a point P of the network where 
one may start and travel a connected 
journey of the network traversing each arc 
exactly once. The vertices may be traversed 
more than once, but the arcs must be 
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traversed exactly once. 

It 1s easy to see that network 1 is 
traversable and that one can start at any 
of the points A through E. Consider net- 
work 2 which might be thought of as 
the walks around two city blocks. Suppose 
you start at B. Can the network be tra- 
versed? Try the pth BC DEBAFE, 
Suppose you start at F. Can the networks 
be traversed? 

Consider network 3 which might be 
thought of as paths around a monument 
at C. Suppose you start at B. Will the 
journey BC ABD AC D traverse this 
network? Why? 

Will the path B C A D B traverse this 
network? Why? 

Do you think you can find any con- 
nected journey that will traverse network 
3? 

Experiment 18. Network problems 
have their origin in one of the earliest and 
most famous topological problems—the 
Koenigsberg Bridge Problem. This prob- 
lem was solved by Euler in 1735 when he 
also developed a general theory concern- 
ing network problems which will be dis- 
cussed later. 

There was a river flowing through the 
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city of Koenigsberg with two islands and 
seven bridges as shown on Sheet III of 
the diagrams, Fig. f. 

The citizens of Koenigsberg enjoyed 
walking on Sunday afternoons, crossing 
the bridges and enjoying the spring or 
summer weather. They often wondered 
if it were possible to cross all of the seven 
bridges exactly once during a stroll. Many 
tried, but no one was able to accomplish 
this feat. Can you? Try it by drawing 
paths on Fig. f. 

One can easily see that the Koenigsberg 
Bridge Problem can be considered as a net- 
work (Fig. g). The problem can be 
solved if the network can be traversed. 

Euler used a similar network to show 
that the citizens of Koenigsberg could 
never accomplish the feat of crossing the 
7 bridges exactly once. He classified the 
vertices of a network as cither even or 
odd. A vertex which is on an odd number 
of arcs is an odd vertex and a vertex 
which is on an even number of arcs is an 
even vertex. 

For example, in network 2, Fig. 18, A, 
C, D and F are even vertices, and B and 
E are odd vertices. In network 3, all 
the vertices are odd, and in network 1, 
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all the vertices are even. 

You saw that network 1 (all even ver- 
tices) was easily traversed and that net- 
work 3 (all odd vertices) could not be 
traversed. In network 2 (both odd and 
even vertices) you could traverse the net- 
work by starting at certain vertices, but 
could not traverse by starting at other 
vertices. 

Euler observed that if a network has 
only even vertices, it could be traversed 
starting at any vertex. His reasoning may 
have begun in this way. 

Suppose one considers the network in 
Fig. h. If the journey starts at A and 
passes through C, two of the arcs at C 
will be traversed exactly once. Fo'low this 
path on Fig. h with a pencil. 

But since C has an even number of arcs 
(4 in this case) if the path returns to C, 
it will be possible to pass through C with- 
out reusing any arcs. Similarly, if the path 
passes through A or B, you will not need 
to use any arc on that particular vertex 
twice because there are an even number 
of arcs. 

Euler developed his theory more rigor- 
ously and in more general cases, but he 
was able to conclude that: 
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1. Any network of only even vertices is 
traversable by starting at any vertex. 

2. Any network containing two odd 
vertices is traversable, but the trip must 
start at one of the odd vertices. 

3. Any network containing more than 
two odd vertices cannot be traversed. 

If the poor citizens of Koenigsberg had 
known this, they would not have wasted 
so many steps, because the network repre- 
senting the Koenigsberg Problem has 4 
odd vertices (Fig. g). If one were to build 
another bridge in Koenigsberg, where 
should the bridge be built so that the 
problem could be solved? Can you draw 
a bridge in the proper spot? 

Experiment 19. Suppose you want to 
paint the lines of the design shown in 
Fig. 1 with a fine spray, and you do not 
wish to lift the spray from the design nor 
turn the spray off. It would not matter if 
the joints were sprayed more than once, 
but you wish to avoid painting any other 
part of the design twice. Where should 
you start the spraying? 

Take a colored pencil and trace the path 
you would follow in spray painting this 
design. 

Experiment 20. Try to arrange play- 
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ing cards in a square so that no two cards 
of the same color are adjacent to each 
other vertically, horizontally, or diagonally 
unless they are of the same suit, and so 
that on the outside rows each pair of 
opposite cards is of the same color but of 
different suits. Is it possible? The answer 
is no. 

We have only touched on the interesting 
subject of topology and you may wish to 
delve further in the field. Below is a list 
of reference books that will be helpful in 
your explorations. 


Elementary General Topology, Theral 
O. Moore, Prentice-Hall, Eng!ewood 
Cliffs, N. J. 

Experiments in Topology, Stephen 
Barr, Thomas Y. Crowell Co., New York. 

Foundations of General Topology, Wil- 
liam J. Pervin, Academic Press, New 
York. 

Introductory Topology, Stewart S. 
Cairns, Ronald Press, New York. 

The New World of Math, George A. W. 
Boehm, The Dial Press, New York. 

Topology, D. A. Johnson and W. H. 
Glenn, McGraw Hill, New York. 
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